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1. INTRODUCTION 
In various parts of mathematical physics one encounters integrals of the 
form 
I(a) = jr tne-t--at” dt, 
where a > 0 and n and k are positive integers. The perturbation expansion 
(2) 
is an asymptotic series divergent for all a > 0. Although useful, it is not 
easy to obtain estimates of the error involved in using its partial sums. 
In this note we wish to describe a method based upon an extension of the 
classical theory of continued fractions which yields upper and lower bounds. 
For the case k = 2, the method is the conventional method. 
2. THE CASE K = 2 
Let us consider the case k = 2 first where 1(a) is reducible to the 
exponential integral. Write 
s 
cc 
24, = tnecteeata dt, n = 0, 1, 2 ,... . (2-l) 
0 
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Then, for n > 2, 
24, =
I 
,r (tn-le-t)(te-at”) dt 
= (tn-1e-t)(-e-at2/2a)]0m $ & j: [-P-$-t + (n _ 1) t”-2e-t] e-at’ dt. 
(2.2) 
Hence, 
21,-z = 
h-1 
n-l 
+ 2au, 
n--l’ 
Thus, 
%a-2 _ 1 
- - - + (n - l;:nel,u. - %--I n-l 
Hence, if we set z, = u,/u,+~ , we have 
1 
% = - + (n +:‘; z,+1 ’ n+l 
n = 0, 1) 2 ,... . 
(2.3) 
(2.4) 
(2.5) 
Forn=l,wehave 
s 
m 
U] = te-te-ata dt 
0 
= (e-t) (*)I” _ & jrn e-te-at2 dt 
0 0 
P-6) 
Hence, if we can obtain bounds for uo/uI from (2.5), we can use these 
bounds in (2.6) to obtain bounds for u. , and thus for any un . 
3. UPPER AND LOWER BOUNDS 
We can employ (2.5) to obtain bounds in the usual fashion. We have 
clearly 
1 
z, > - n+l’ 
n = 0, 1, 2 ,..., 
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whence, using (5) again 
2, < - n : 1 + (?z + l$ + 2) ’ 
It follows that 
n = 0, l,... . (3.2) 
1 2a 
z, > - 
tt + l + (n + 1) [ (n : 2) + (n + 2fln + 3) 1 
, (3.3) 
and so on. Using these results for tl = 0, we obtain the required estimates 
for u& . 
4. THE CASE K = 3 
Consider next the case k = 3. The general case, k = 4,5,..., can be 
handled in similar fashion. Write 
I 
00 
u, = tne-te--ats dt. (4.1) 
0 
Then for n 2 3 we have 
m 
u, = tn-2e-tt2e-ats & 
0 
I 
co 
zzz o g [(n - 2) p-Q-t - p-Q-t] dt 
= & [(n - 2) unm3 - u,J. 
Hence, 
u,+# = & + & ’ 
and 
Write a, = u,/u,+~ . Then (4) yields 
zv+3 --  L 72 2 + (n - 2)(u._*~~~-l)o._,,u~) 
1 =- 
n-2 + (n - 2)?s-3z.-l ’ 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
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or 
1 
x7x = - + (n + 1;zm+lxn+2 ’ n+l 
n = 0, 1, 2 ,... . (4.6) 
We can then proceed as before to obtain upper and lower bounds. We have 
1 
%l>-------, 
n+1 
n = 0, 1, 2,... 
1 
x, < - 
n+l 
+ 3h + 2)(n + 3) 
(n + 1) (4-V 
1 
%I > -+ 
3+ + 1) 
n+1 
( 
and so forth. 
5. ESTIMATES FOR u,, 
Using the foregoing technique, we can obtain estimates for uO/ul = x,, 
and u& = x1 . We also have 
s 
m 24.2 = f+-te-at3 dt 
= (&(-e-.fs,3a)]; - & f- e-t-ots dt 
0 
P-1) 
or 
Hence, if 
we have 
uo = 1 - 3au, . (5.2) 
Uo/% = %, and u&2 = z-2 , (5.3) 
(5.4) 
Hence 
uo=l-3nu,, 
V% 
(5.5) 
240 = 
( 
1 +LL,? 
fv2 
whence upper and lower bounds for z, and x2 yield upper and lower bounds 
for uO . 
